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A UNIQUE CONTINUATION PROPERTY
ON THE BOUNDARY FOR SOLUTIONS

OF ELLIPTIC EQUATIONS

ZHIREN JIN

Abstract. We prove the following conclusion: if « is a harmonic function on

a smooth domain fl in R" , n > 3 , or a solution of a general second-order

linear elliptic equation on a domain Q in R2 , and if there are X(¡ 6 d£l and

constants a, b > 0 suchthat \u(x)\ < aexp{-6/l*-*ol} for x e £2 , |x-*ol

small, then u = 0 in Í2 . The decay rate in our results is best possible by the

example that u = real part of exp{- l/zQ} , 0 < a < 1 , is harmonic but not

identically zero in the right complex half-plane.

1. Introduction

There are many similar properties between the solutions of elliptic equations

and analytic functions. One of the properties is the unique continuation prop-

erty: if a solution of an elliptic equation (or an analytic function) vanishes up

to infinite order at a single interior point of a domain, then the solution (or

the analytic function) has to be identically zero. The study of this problem

has a long history. For solutions of second-order elliptic equations in the plane,

unique continuation was established by Carleman [4]. In 1956-1957, Aronszajn

[1] and Cordes [5] extended the unique continuation property to second-order

equations in many independent variables. Their work was technical, using Car-

leman's weighted estimates. Quite recently, an elegant proof of the unique

continuation property for solutions of general elliptic equations and systems
was found independently by Kazdan [8] and Garofalo-Lin [6].

In this paper, we study a kind of unique continuation property for solutions of

an elliptic equation on the boundary: let « be a solution of an elliptic equation

Lu = 0 in a domain Í2, and Xo a point on the boundary dQ. If u and all

its derivatives Dau(x) vanish at xo (as the limits of Dau(x) when the point

x approaches xo, x e Í2), is u identically zero on Q ? If we do not assume
anything about the rate at which the function u approaches zero at xo, then

an easy example shows that u might not be zero in the domain: Consider the

function u = real part of exp{-l/za}, where 0 < a < 1 and z is a complex

variable. It is easy to verify that u is harmonic on the right half-plane, and
Dau(x) approaches zero for all a as the point x approaches 0 from the right

half-plane.   But in this paper we prove that for harmonic functions and the
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solutions of a general second-order elliptic equation on a 2-dimensional domain,

this example illustrates the "ONLY" case that the functions might not be zero.

More specifically, we have the following results (the terminology "regular" will

be defined in §2):

Theorem 1. Let Q, be a domain in R" , n>2, and let xo G dQ with Q regular

at xo- If u is a harmonic function on Q, i.e.,

"+1 d2u

and, for some constants a, b > 0,

\u(x)\ < aexp\- \   forxeCl,  |x-xn| small,
{ |X -Xo| J

then u = 0 on f2.

Theorem 2. Let il be a domain in R2, and let (xo, yo) G dQ with Q regular

at (xo, yo) ■ If u(x, y) is a solution of an elliptic equation

a\iUxx + 2ai2uxy + a22uyy + biux + b2uy + cu = 0   in il,

where the coefficients are in Cx(£l), and there exist constants a, b > 0 such

that

\u(x, y)\ < aexpl —, >
I   V(x-xo)2 + (y-yo)2}

for (xj)efl, (x, y) near (xo, yo), then v = 0 in Q..

The idea of the proof is quite simple. For Theorem 1, using the fact that
we are dealing with the standard Laplace operator, we can reduce the problem

to the case that the domain Q is the upper half-space; then again the standard

Laplace operator allows us to carry out some calculations which assure us that

the harmonic function is zero. For Theorem 2, by the Bers-Nirenberg represen-

tation theorem for solutions of a Beltrami-type equation [3], we can reduce the

general case to the standard Laplace operator case. Unfortunately, we cannot
prove the corresponding version of Theorem 2 in higher dimensional cases. It

seems that a different kind of method for the proof of Theorem 1 is needed if

we want to prove a similar result for general higher dimensional cases.

Some of the motivation for our research comes from the attempt to under-

stand the unique continuation property for critical points of the p-functional

Jn \Vu\p dx (see [8]). The hint is based on the following "observation": if u is

a critical point of the p-functional in a domain fi, then, if Vu ^ 0 in Qi for

a subdomain Qi in £1, we have

which is equivalent to a uniformly elliptic equation in Qi . It seems that a

suitable version of Theorem 2 for higher dimensional cases could conclude u =

0 in fli ; then we have the unique continuation property for the critical points

of the p-functional.
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The paper is organized as follows: the proof of Theorem 1 will be given in

§2, and in §3 we prove Theorem 2.

2. The standard Laplace operator case

In this section, we will prove Theorem 1.
"fi is regular at xo" is defined as follows.

Definition. Let fi be a domain in Rn, n > 2, and let xo be a point on the

boundary of fi. We say fi is regular at Xo if there is a ball B c fi such that
dB n 9fi = {x0} .

The proof of the theorem will be divided into several lemmas.

Lemma 2.1. Let h G C°(R+), R+ = {t\t > 0}. If for some constants a, b > 0,

(2.1) \h(t)\<aexp{-bt}   for t > 0

and
/•OO

(2.2) /    h(t)t2kdt = 0  for all integer k>0,
Jo

then h(t) = 0.

Proof. We only have to prove

/■OO

(2.3) /    h(t)e~Xtdt = Q   for real A >0.

In fact, if (2.3) is true, then as the inverse Laplace transformation of 0, h(t) = 0

for t > 0.
For the proof of (2.3), set

/»OO

F (a) = /    h(t)e~at dt,        a is a complex variable,
Jo

/»OO

g(ß) = /    h(t)cosßtdt,        ß is a real variable.
Jo

By (2.1), it is easy to see that

(2.4) F(a) is analytic on {a\ Rea > -b/2}

and

(2.5) g(ß) is real analytic on 7?1.

For example, (2.4) is an immediate consequence of the following inequality:

for k>0 and Rea > -b/2,

/•OO /»OO

|F(fc)(a)|= (-1)* /    h(t)e'a'tkdt\<        \e-a'\\h(t)\tkdt
Jo Jo

r°° M
<a       e-bt'2tkdt = a2k+x1^1.
-   Jo bk+x

Now (2.2) implies

/•OO

FW(0)= /    h(t)t2kdt = 0   fork>0.
Jo
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Therefore, for small and real ß ,

g(ß) = Re |y"°° h(t)e-^ dt\ = Re{F(iß)}

^ir(^1)(o)(_1)*_^__ij=0.

Then g(ß) = 0 for all ß by (2.5), that is, Re{F(iß)} = 0 for all ß. In
addition, we notice that

/•OO

|F(a)|</     \h(t)\dt<oo   forRea>0.
Jo

Therefore, w(x, y) = ReF(x+iy) is a bounded harmonic function on {(x, y)\

x > 0}, and w(0, y) = 0 for all y. It is clear that w = 0 on {(x, y)\

x > 0} . Hence F is a constant function. But F(0) = 0 by (2.2), so we have

F (a) = 0 for Rea > 0. In particular,

/»OO

F(X) = /    h(t)e~kt dt = 0   for all real X,
Jo

which is (2.3).   Q.E.D.

Lemma 2.2. Let f G C°°(7?"\{0}) n C°(R"),

\f(y)\<c\y\1-"   foryeR", \y\ large,

and

If for some a, b > 0,

<Xt* = L{\*-y?TftV»wdy

\u(x, t)\ < aexpl    .    ^        \    for Ixl2 + t2 small, t > 0,
;|-     \v\x\2 + t2S

then u = 0.

Proof. Since / G C°(7?") and \f(y)\ < c\y\x~n for \y\ large, we see u(x, 0) =

f(x) for x G R" . Then

\f(y)\ = \u(y, 0)| < aexp|-A J    for \y\ small.

We claim

(2.6) JRnf(y)-^(\y\-{n+l))dy = o

for any «-tuple a = (ai, a2, ... , an).

Assuming the claim, the proof of the lemma goes as follows: By (2.6), we

have that for any a and integer k > 0,

(2.7) JRnf(y)-^;(Ak(\y\-in+l)))dy = 0.

But an easy computation shows

(2.8) A*(|>;rC+1>) = c(k, «)|v|-(n+1)-" ,
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where c(k, n) are constants depending only on k and n . Therefore,

(2.9) / f(y)\y\-("+V-2kdy = 0   fork>0.
Jr"

If we set

h(r)= [     f(rÇ)dÇ   forr>0,
7s»-'

then we have

¡°°h(r)r'2-2kdr= f°° ( f    f(rQdt) r-(»+i)-2k+n-i dr
Jo Jo    \Js"-1 )

f(y)\y\~{n+l)~2k dy = o-I
.Ir>iRn

and

\h(r)\< I     \f(rQ\di:<aconexpi--\    for r small ;

h(r) -»0 as r —* oo since \f(rÇ)\ < crx~n for r large. Let g(r) = h(j) ; then

\g(r)\ < a'exp{-br} for r large, g G C°([0, oo)), and /0°° g(r)r2k dr = 0 for

Â: > 0.
Now applying Lemma 2.1, we have g(r) = 0 for r e (0, oo), i.e.,

(2.10) [ f(rÇ)dÇ = h(r) = 0   forr>0.
Js"

On the other hand, (2.6) also implies the following statement: For any tuple

a = (a-, a2, ..., an), there is an integer rCo(|a|) such that, for all k > k0,

(2.11 ) / f(y)y°>y? ■ ■ ■ yan»\y\-^x)~2kdy = 0.

Equality (2.11) can be proved by the following induction:

(i) If \a\ = a- + a2 H-h a„ = 0 and ko = 0, then by (2.9) we have

/  f(y)\y\~(n+X)~2kdy = 0   for/t>0.
Jr"

(ii) Assume (2.11) is true for \a\ < m; we want to prove it is true for

\a\ = m + 1. For \a\ = m + 1, we have the identity

ßv^d\vaA\y\-{n+l)-2k) = c(k, n)\y\-("+V-2k-2My?> ■ --y?

(2.12) V{  "    y"
+ J2 c(ß,k, n)\y\-^-2k-2y^yf'---yßn",

\ß\<m

where c(k, n), c(ß, k, n), and y(ß) are constants depending on its variables

as indicated. This identity also can be proved by induction.

Now let ym = n\a.x{y(ß)\[ß\ < m}, and km = max{rCo(/*)|0 < p < m}. Set

k = ym + km, then by the induction assumption,

/ f(y)\y\-{n+X)-2k~2y(ß)yßx' -■■yfrdy = 0
Jr»

for all k > k_and \ß\ < m. Then (2.7), (2.8), and (2.12) imply (2.11), where

ko(m+ l) = k.
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Now by (2.11) and a similar argument to the proof of (2.10), we have: For

any monomial £*'Ç£2 • • • C£",

/     f(rQCÍ'CT---Can"dC = 0   forr>0.
J\r\=i

Therefore, f(rQ = 0 for all r > 0 and Ç G S"~x, thus u = 0.
In order to complete the proof of Lemma 2.2, we have to verify our claim

(2.6). In fact, if we pretend that u e C°°(7?"+1), and if we take derivatives

under the integral and evaluate them at t = 0, we immediately get (2.6). But in

our case, we only assume / G C°°(7Î"\{0}), and u may not be in C°c(Rl+x).

Thus we have to verify (2.6) carefully. The idea is to use the growth assumption

on u to analyze the limits Dau(x, t) as |x|2-r-|i|2 tends to zero. The detailed

proof goes as follows:

First, we claim that if xq G R" , to > 0, and |xn| < 1, then

(i)

(Ü)

In fact,

,.      dau(sx0, Sto)       n    e       u / -,
hm- = 0   for all a = (a- , a2, ... , a„),
i-*o+        dxa v

lim
i—o+

da+xu(sxo,st0)

dxadt
= (-\p jRnf(y)-^{\y\-{n+x))dy.

dau(x,t)'J&J1 = [  f{y)t±.
dx» JRnJyy' dx°

1

x-y|2 + /2)("+')/2J

1

dy

(|x-y|2 + i2)("+D/2j
dy.

Then

dau(sxo, sto)

dx° -i-vh».//<,)£: (\sx0 - y\2 + s2tUn+x)l2
dy.

Now (i) is clear if we can prove that for some constant c(a, xo, to)

1
(2.13) \Lmw \sx0-y\2 + s2t2)("+x)i2

Inequality (2.13) follows from

<2-14>        55? L(|5X0->'|2 + 52Í02)("+1)/2

and for jt > (« + l)/2

(2.15)

= E
finite
sum

dy < c(a, xo, to) ■

Pk(y-sx0)

(\y - sx0\2 + s2t2)k

UmW~-
sx0\2 + s2t2)k

dy < c(x0, t0, k),

where Pk(y-sxo) is a polynomial of y-sxq with coefficients possibly depending

on s, xo, and to , and degFit(y -sxo) = degree of Pk as a polynomial of y ,

degFfc(y - sxq) + n + 1 < 2/c.
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Equality (2.14) is clear by induction on \a\. For (2.15), we have

dy=f       \f(y)\
JlvKAs

645

U™w- dy
íXol2+í2í')* ¡mía"      dy-sJCoP + s2'*)*

= h + I2,    where A = 4| |x0|2 -îq\ + 1.

But

<c(a,to,k,n, x0)s"~k expl -— l < c(x0,t0,k)

and

h< l     \f(y)\-
J\v\>As I

1

\y\>Asw v'" (M2 + s2\x0\2 - 2\y\ \x0\s + s2t2)k

< Í       \f(y)\^2jdy<c(k).
J\y\>As \y\2k

Therefore, (2.15) is true.
Now we prove (ii): An easy computation shows

dy

xu(sx0,sto)=        M f _d_ ■
dxadt v     '    JR/yy'dya .

+ (_1)H+1(B+ l)s2t2 J^f{y)^_

1

(|5Xo-y|2+s2i2)0+1)/2

1

(|5x0-y|2 + 52?2)("+3)/2

dy

dy.

Then (ii) follows by the statements

<216»       w
1

(|5x0-y|2 + 52^)("+1)/2
finite
sum

Pk(y-sxp)

(|y-5X0|2+52i2)*'

(2.17)

and

(2.18)

hm^ sx0\2 + s2tl)k

lim / f{y)-¿-

dy < c(xq , to, k)   for k >

dy

n + 3

(\sx0-y\2 + s2t2)(»+x)/2\

=SRJ{y)w{W(n+X))dy^

where P¡c(y - sxo) is a polynomial of y - 5x0 and deg/k + n + 3 < 2k . The

proofs of (2.16) and (2.17) are exactly the same as the proofs of (2.14) and
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(2.15). Thus we only have to prove (2.18).

1

\lR«f{y)dy» l(\sxo-y\2 + s2t2)(»+x)/2

< i       I/Ö0I
J\v\>M

+

+

+

+

/    1/001
J\y\<S

[     \f(y)\
J\y\>M

Í    \f{y)\
J\y\<ô

I
Jô<\v\

dya

d
dya

d
dya

d

sx0-y\2+s2t2Y"+xy2

1

(|sx0-y|2 + s2i2)("+1)/2

dy

dy- f f(y)^-(\y\-{n+l))dy
jRn oy

dy

dy

dya

i\yl<M
fly)

(\y\-{n+l))

(\yr{n+l))

d
dya

dy

—(\y\~{n+l))

f\sxo-y\2 + s2t2)("+xV2

= Ii +12 + h + U + h ■

For A = 4| |x0|2 - i^| + 1, choose M > A large such that 73 < e/8 and

dy

finite
sum

2k>n+\

\y\>M -SX0\2+S2t2)k

4*
<Y,c(k,x0,to) í       \fiy)\jzñkdy<^.

Also take ô > 0 small such that 74 < e/8, and for 0 < s < ô/A

d   r 1LAs<\y\<S
\f(y)\

dy° l(\sx0 - y\2 + s2t2)(»+xV2.

<     Y\    c(k,X0,t0)  I \f(y)\jT7,-ry |2   ■   *2t2\k dy
txL Jas<m<ô       (\y - sx0\2 + sltzY

dy

1

finite
sum

2k>n+\

< Tic{k,xo,to) f \f(y)\T-r^dy<e-
JA$<\y\<ô       \y\llc       »<\y\<¿

Now fix ô and M, and choose s-   such that Si < e/A and 75 < e/8 for

0 < s < si. Take 52 < Si so that

/      I/Ü0I
J\v\<As

d

dy°

1
dy

sxo-y\2+s2t2)("+xy2_

- £ c{k'Xo'to)Ljf{y)l(\y-sxol2 + s2t2)kdy
finite
sum

2k>n+l

<a^c(/c,x0,ío)í^2J  expj- — j(As)nœn

< -    for 0 < 5 < 52
8
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Then ï2 < e/% for 0 < 5 < 52 . This completes the proof of (2.18).
Next we notice that by (i), (ii), and

_a2_w_ d^u d^u

dt2 ~ dx2+'" + dx2'

for any a = (an , a2, ... , a„), integer k, and fixed (xn, to) • h > 0,

da+ku(sx0,sto) =

i-o+       dxadtk ak

exists.

Now for fixed (xn, to), to > 0,  |x0| < 1, we have (denote xn+i = t and

u(xo, <„) = u(sx0,sto) + {l_s)nJ2du{Sx°'Sto)x?
i=\     axi

+    + * n    cv» V r ^M^o^o)
¿>x°

\a\=p

1    /•'  /   v-    r  a°M(zXo,Zfo)^ (1-zVrfz,

where 0 < 5 < 1 and the Ca are suitable constants. Letting 5 -> 0, we get

U(X0, h) — «00 +    ¿2    UakXotg + J\     ¿2    CakUakXot0
\a\+k=\ ' \a\+k=2

,k
0"*-*" ^ï   E   CakuakXQt

+

\|a|+fe=p+l /

Since all wa-; are independent of xo and to, we have

u(ßx0, ßto) = uoo + ß   Y^   u»kXo4 + 2\P2   Yl   CakUcJcXotfi
|a|-Hfc=l '        \a\+k=2

+ --- + J\PP   H   Cakuakx^tko
P' \a\+k=p

♦-WÍ E  c^y^-A,-^,
\|a|+fc=í>+l /

Notice that, for fixed (xo, to),

da+ku(ßzx0, ßzt0) .  , . ,    .     .     ,    . ,
-\      "'   —— is bounded for 0 < tf < 1, 0 < z < 1,

dxadtk H

and

b        1
\u(ßx0, ßto)\ <aexp{ -

ßJ\xo\2 + t20
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Then we have

]T   CakuakXo*tl = 0   for j = 1, 2, ... ,

\a\+k=j

but (xo, io) can be chosen arbitrary as long as |xn| < 1, and to > 0. Hence,

uak = 0   for all a, k.

In particular,

V = Ual = (-\)\°\ ¡J(y)±-(\y\-(n+x))dy,

which is (2.6).   Q.E.D.

Lemma 2.3. Let 7?-(0) be a unit ball in Rn+X, n > 2, centered at 0, and let

Xo = (0, 0,..., -1). If u(xi, ... , x„+i) satisfies

(1) Au = Y,d2u/dxf = 0 in B, and
(2) |m(x)| < aexp{-è/|x-x0|}

for some a, b > 0, x e B, and \x - xn| ima//, //te« u = 0 m Ti.

Proo/. Set

1)(X) = |x|1_"m ( -p-pr  )   ;
VW2/

it is well known that Av(x) = 0 in 7?n+,\7ii(0). Set

f(y) = v(y,-l) = (l + \y\2r-*l2u (^ , ^) .

It is not difficult to verify:
(a)

«(*.-'-D°A.^(Ix-yp+V1^^   fori>0, XGR».

(b) For some constants ûi , ôi > 0, if í > 0 and |y|2 + i2 small, then

t,(x,-i-l)|<aiexp|-7=^=f}.

(c) /(y)GCoo(7?"\{0})nC0(7?'!).

(d) 1/0)1 < C|y|'-" for \y\ > 1.
Now an application of Lemma 2.2 concludes that v(x, -t- 1) = 0 for t > 0

and x G 7?" . Therefore, u = 0 on some open set in B, and hence « = 0 in

B by the fact that u is analytic in 7?.   Q.E.D.

Proof of Theorem 1. Since fi is regular at x0 , there is a ball B c Q. such that

(977 n <9fi = xo . (This ball is a disc in the case n = 2.) Then Au = 0 in 7i,
and, for some a, b > 0,

|w(x)| < aexp \ —■- >    for x G B and |x - xn| small.
I     |X - Xrj| J

It is clear that we may assume B = Bi (0)—a ball centered at the origin with

radius 1—and also that xq = (0, ... , -1).   Hence, for n > 3, Lemma 2.3
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implies u = 0 in B, therefore u = 0 in fi. For n = 2, we define a harmonic

function u* on B x R as

u*(xi, x2, X3) = u(xi, X2)   for (xi, x2) e B and x3 e R.

Then it is easy to see that Au* = 0 in B x R and, for some a, b > 0,

lM*(*)l ̂  ûexp <-jT >    for x G 77 x R and |x - x¿*| small,

where Xq = (xo, 0). Now an application of the result in n = 3 yields u* = 0
in B x R, i.e., u = 0 in B and u = 0 in fi.   Q.E.D.

Now we give an example to show that the decay rate in our result is the best
possible.

Example. For n > 2 and 0 < a < 1, there is a harmonic function u defined

on 7?" = {(xi, ... , x„)|x„ > 0} such that Au = 0 on 7f*(. and

|w(x)| < aexp<-|-—>    for some a, b > 0, x G 7?" , and |x| small.

Furthermore, u is not identically zero on 7?!J..

Proof. Set

w*(x,y) = Reexp|- — I ,        z = x + iy,

where za is an analytic function on the right complex half-plane.

For n > 2, set

u(xi, ... ,x„) = u*(xn,xi)   for (x,, ... ,x„)eRn+.

It is easy to verify that the u(xi, ... , x„) is what we want.   Q.E.D.

Remark. It is not difficult to see that for any quite smooth domain and any

point on the boundary of the domain, we can construct a nonzero harmonic

function on the domain which is approaching zero at that point in the rates as
indicated in the example.

3. The general case for dimension two

After we considered the standard Laplace operator, a natural question arose:

Can we prove a similar result for the solutions of general elliptic equations? At

the present stage, we could only give a satisfactory answer when the dimension

of the domain is two. Namely, we can prove Theorem 2, restated here for

convenience.

Theorem 2. Let fi be a domain in R2, and let (xo, yo) G <9fi with fi regular

at (xo, yo). If u(x, y) is a solution of an elliptic equation

(3.1) auuxx + 2ai2uxy + a22uyy + biux + b2uy + cu = 0   in SI,

where the coefficients are in C'(fi), and there exist constants a, b > 0, such
that

\u(x,y)\<aexp\— I
i   V(x - xo)2 + (y- y0)2 J

for (x, y) e fi, (x, y) near (xq , yo), then u = 0 in fi.
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The proof of the theorem will be divided into several lemmas. Because our

assumptions allow us to extend the coefficients of the equation into a neigh-

borhood of xo, the proofs of Lemmas 3.1-3.3 are similar to the proofs of the

corresponding conclusions for the case of the unique continuation property at

an interior point in a domain of dimension two (one may see [3]). Thus we

omit the proofs of the lemmas here.

Lemma 3.1. If a¡j, b¡, and c, I < i < 2, 1 < j < 2, are continuous on a

closed domain B, and Xo is a point on dB, then there is a neighborhood V of

xo and a positive function u* suchthat

(3.2) auu*xx + 2ai2uxy + a22u*y + biu* + b2u* + cu* = 0   inBnV.

Lemma 3.2. If u is a solution of (3A) in B which is a closed domain, and a

positive function u* satisfies (3.2) in VnB, then the function v = u/u* satisfies
the following equation:

auVxx + 2anvXy + a22vyy

+ (h + —(2anu*x + 2ax2u*y)J vx

+ \b2 + — (2a\2ux + 2a22u*y) J vy = 0   in BnV.

Lemma 3.3. If u is a solution of (3.1) in B which is a closed domain, (0, 0) G

dB, and all coefficients a¡j, 1 < i, j < 2, are in CX(B n V0), where F0 is
a neighborhood of (0, 0), then there is a diffeomorphism £ = £(x, y), n =

n(x, y) which is defined in a neighborhood V{ of (0, 0) such that v(t¡, n) =

u(x(c;, n),y(£,, n)) satisfies

(3.3) v(i + vn,¡ + bivi + h2vn + cv = 0   inV\,

where V\ is the image of V\ under the diffeomorphism (x, y) —» (£, n). Fur-

thermore, if c = 0 in (3.1), then c = 0 in (3.3).

Lemma 3.4. If B is a domain with smooth boundary dB, (0,0) G dB, and u
is a function satisfying

Au + ¿*i ux + b2uy = 0   in B,

\u(x, y)\ < a exp {— >   for some a, b > 0,  (x,y)e73,
I   y/(x2+y2))

then there is a ball B* c B and constants a!, b' > 0 such that B n 77* = (0, 0)
and

|M*,y)¡<a'exp|--^_j    inB*,

K(x,y)i<a'exp|-^(JV^2)j    inB*-

Proof. We may assume that B is a closed ball. It is easy to see that there

is a diffeomorphism O: B -* D, where D is a closed domain in 7?2, and
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D D B+((0, 0), 4) ; here 77+((0, 0) ,4) is a closed half-ball in the upper half-
space. Under the coordinate (¿¡, n) = <P(x, y), our equation looks like

oii(í, tl)ui( + 2an(Ç, n)uir, + a22(c¡, n)unr¡

+ bi(£,, n)u( + b2(Ç, «)«,, = 0,

and this equation is uniformly elliptic on 77+((0, 0), 4), i.e., there are X and

A such that

(aij)>XI   on7i+((0,0),4),

|ûl7l0,a<A, |¿|o,a<A.

By the interior estimates for solutions of an elliptic equation (see [7]), there is

a constant C = C(X, A, a) such that, for 0 < t < 1 and \s\ < 1,

tsup^Dutf, r,)\\(Ç, n) e B ((s, t), ^j}

<Csup{|M(^,7)ll(¿,^)G77((5,0,¿)}.

In particular,

\Du(s, t)\ < i^supjl^, n)\\(Ç, >/) G77 ((5, t), 0 J .

Now if (Ç - s)2 + (n - t)2 < t2/4, it is easy to check that

1 1
<

V(¥ +12) '   VW+ñ'
Therefore,

sup||«(^, «)||(£, n)eB^(s,t), y j <aexp|--^^=L=j ,

hence

._   .    rt|rf, AaC        \     b 1
\Du(s, t)\ <-exp ■

t \   v^ j(s2 + t2) j '

But if 52 + (t - I)2 < 1, 0 < t < 1, then we have / > 52 and 2t > t2 + s2, thus

._ ,      ..     4aC        \     b 1        )
\Du(s, t)\ <-expi --

t       "\   V3 V(52 + t2)

8aC f    b        1

S2 + t2)       "\     V3 y/(S2 + t2)

b 1 1
< Q exp

' 2y/l y/(Si + fi)

for some Co = Co(A, A, a, a, b). Finally, using the diffeomorphism, we easily

see that the conclusion of the lemma is true.   Q.E.D.

Proof of Theorem 2. We only have to prove that u = 0 in some open set in fi.
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First, we may assume (xn, yo) = (0, -1) and fi = 77 is a ball. If necessary,

we may replace 77 by some smaller balls which attach to 77 from the inside at

(0, -1), and by Lemmas 3.1-3.4 we may assume

Az + bizx + b2zy = 0   in 77,

\z(x ,y)\< azxpl-. = >    in 77,
I   Vx2 + (y + i)2}

|F>z(x,y)|<aexpi— \    in 77,
{   Vx2 + (y + l)2J

where a and b are constants and z is a function related to u in this way such

that z = 0 in 77 is equivalent to u = 0 in 77.

Set w = zx and v = zy; then

(3.4) wx = vy - biw + b2v,        -wy = vx.

Also, set

\dx      dyj

1
q = w + w = zx- izy,        tfz=2

— • bi     .b2       „       bi     .b2
q = w-iv,     a = -~-i-,     ß = -- + i-.

It is easy to verify that (3.4) is equivalent to the equation

(3.5) qj = aq + ßq.

Now by a representation result due to Bers-Nirenberg (see [3]), we have

q(X) = esWf(X)   for X = C¡ + in G 77- (0) in the complex plane,

where s(X) is continuous on 77] (0) and real on |A| = 1 , and f(X) is an analytic

function on 77- (0).

Since s(X) is continuous on 77i (0), there is a constant Ci > 0 such that

\e-'W\ < C\ for X G 77-(0). Hence

\f(X)\<Ci\q\<Ci^z2 + z2.

By the conditions satisfied by z, we see that

l/WI<c2exp{-^

Then our result for the standard Laplace case implies that f(X) is identically

zero on 77i(0), i.e., zx = zy = 0 on 77-(0). But z(0, -1) = 0, therefore z

vanishes on 77- (0). As we remarked, u is identically zero on 77 and fi, which

completes the proof of our result.   Q.E.D.
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