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A UNIQUE CONTINUATION PROPERTY
ON THE BOUNDARY FOR SOLUTIONS
OF ELLIPTIC EQUATIONS

ZHIREN JIN

ABSTRACT. We prove the following conclusion: if u is a harmonic function on
a smooth domain Q in R", n > 3, or a solution of a general second-order
linear elliptic equation on a domain Q in R?, and if there are x; € 9Q and
constants a, b > 0 such that |u(x)| < aexp{—=b/|x—xp|} for x € Q, |x—xp|
small, then ¥ =0 in Q. The decay rate in our results is best possible by the
example that u = real part of exp{—1/z°}, 0 < a < 1, is harmonic but not
identically zero in the right complex half-plane.

1. INTRODUCTION

There are many similar properties between the solutions of elliptic equations
and analytic functions. One of the properties is the unique continuation prop-
erty: if a solution of an elliptic equation (or an analytic function) vanishes up
to infinite order at a single interior point of a domain, then the solution (or
the analytic function) has to be identically zero. The study of this problem
has a long history. For solutions of second-order elliptic equations in the plane,
unique continuation was established by Carleman [4]. In 1956-1957, Aronszajn
[1] and Cordes [5] extended the unique continuation property to second-order
equations in many independent variables. Their work was technical, using Car-
leman’s weighted estimates. Quite recently, an elegant proof of the unique
continuation property for solutions of general elliptic equations and systems
was found independently by Kazdan [8] and Garofalo-Lin [6].

In this paper, we study a kind of unique continuation property for solutions of
an elliptic equation on the boundary: let u be a solution of an elliptic equation
Lu =0 in a domain Q, and x; a point on the boundary Q. If u and all
its derivatives D*u(x) vanish at x( (as the limits of D*u(x) when the point
x approaches xp, x € Q), is u identically zero on Q? If we do not assume
anything about the rate at which the function u approaches zero at xg, then
an easy example shows that u might not be zero in the domain: Consider the
function u = real part of exp{—1/z%}, where 0 < a <1 and z is a complex
variable. It is easy to verify that # is harmonic on the right half-plane, and
Deu(x) approaches zero for all o as the point x approaches 0 from the right
half-plane. But in this paper we prove that for harmonic functions and the
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solutions of a general second-order elliptic equation on a 2-dimensional domain,
this example illustrates the “ONLY” case that the functions might not be zero.
More specifically, we have the following results (the terminology “regular” will
be defined in §2):

Theorem 1. Let Q be adomainin R*, n > 2, andlet xq € 0Q with Q regular
at xo. If u is a harmonic function on Q, i.e.,

and, for some constants a, b >0,
-b
lu(x)| < aexp {———} for x € Q, |x — xo| small,
|x — xol

then u=0 on Q.

Theorem 2. Let Q be a domain in R?, and let (xo, yo) € 0Q with Q regular
at (xo, ¥o). If u(x, y) is a solution of an elliptic equation

Ay Usx + 2a12Uxy + AUy + biux + byuy, +cu=0 inQ,
where the coefficients are in C'(Q), and there exist constants a, b > 0 such

that
b
lu(x, y)| < aexp {_ Vx = x0)2 + (v — y0)? }

for (x,y)€Q, (x,y) near (xo, yo), then =0 in Q.

The idea of the proof is quite simple. For Theorem 1, using the fact that
we are dealing with the standard Laplace operator, we can reduce the problem
to the case that the domain Q is the upper half-space; then again the standard
Laplace operator allows us to carry out some calculations which assure us that
the harmonic function is zero. For Theorem 2, by the Bers-Nirenberg represen-
tation theorem for solutions of a Beltrami-type equation [3], we can reduce the
general case to the standard Laplace operator case. Unfortunately, we cannot
prove the corresponding version of Theorem 2 in higher dimensional cases. It
seems that a different kind of method for the proof of Theorem 1 is needed if
we want to prove a similar result for general higher dimensional cases.

Some of the motivation for our research comes from the attempt to under-
stand the unique continuation property for critical points of the p-functional
Jo|VulP dx (see [8]). The hint is based on the following “observation™: if u is
a critical point of the p-functional in a domain Q, then, if Vu # 0 in Q; for
a subdomain Q; in Q, we have

n

)y (|Vu|"-26,~,~ +(p-2)|Vup

i,j=1

ou du\ 0%u
_4_—_ - .
ox; 8x,-) Ox;0x;j 0 &y,

which is equivalent to a uniformly elliptic equation in Q;. It seems that a
suitable version of Theorem 2 for higher dimensional cases could conclude u =
0 in ,; then we have the unique continuation property for the critical points
of the p-functional.
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The paper is organized as follows: the proof of Theorem 1 will be given in
§2, and in §3 we prove Theorem 2.

2. THE STANDARD LAPLACE OPERATOR CASE

In this section, we will prove Theorem 1.
“Q is regular at xy” is defined as follows.

Definition. Let QQ be a domain in R", n > 2, and let xp be a point on the
boundary of Q. We say Q is regular at x, if there is a ball B ¢ Q such that
OBNaQ = {xp}.

The proof of the theorem will be divided into several lemmas.
Lemma 2.1. Let h € CO(R*), R* = {t|t > 0}. If, for some constants a, b >0,

(2.1) |h(2)| < aexp{-bt} fort>0

and

(2.2) / h(t)***dt =0 for all integer k >0,
0

then h(t)=0.

Proof. We only have to prove
(2.3) / h(t)e"di =0 forreal d> 0.
0
In fact, if (2.3) is true, then as the inverse Laplace transformation of 0, A(¢) =0
for t>0.
For the proof of (2.3), set

F(a) = / h(t)e~ ' dt, a is a complex variable,
0

g(p) =/ h(t)cos Btdt, B is a real variable.
0

By (2.1), it is easy to see that

(2.4) F(a) is analytic on {a|Rea > —b/2}
and
(2.5) g(p) is real analytic on R!.

For example, (2.4) is an immediate consequence of the following inequality:
for k >0 and Rea > -b/2,

|F(k)(a)|=‘(—l)k / h(t)e“”t"dt's / le=| |h(1)| dit
0 0
Sl |
Sa/O e‘b’/ztkdt=a2k“%.

Now (2.2) implies

F0(0) =/ h()dt =0 fork > 0.
0
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Therefore, for small and real g,

8(9) = Re{ [ e dr| = Re(F(if)

ﬂZkH

=Re {f: F(Z"*‘)(O)(—l)"mi} =0.

k=0

Then g(B) = 0 for all B by (2.5), that is, Re{F(if)} = 0 for all . In
addition, we notice that

IF(a)| 5] k()| dt < 0o for Rea > 0.
0

Therefore, w(x, y) = Re F(x+iy) is a bounded harmonic function on {(x, y)|
x > 0}, and w(0,y) = 0 for all y. It is clear that w = 0 on {(x,y)|
x > 0}. Hence F is a constant function. But F(0) = 0 by (2.2), so we have
F(a) =0 for Rea > 0. In particular,

F(A) = / h(t)e ™™ dt =0 for all real A,
0
which is (2.3). QE.D.
Lemma 2.2. Let f € C®(R™\{0}) n CO(R"),
IfW) <clyl'™" fory e R", |y large,

fO)t
ux,t) = /Rn (Ix = y|2 + )02 dy.

and

If, for some a, b >0,

lu(x, t)] < aexp{ b t2} for |x)? + 1> small, t >0,

[x[? +
then u=0.

Proof. Since f € CO(R") and |f(y)| < c|y|'~" for |y| large, we see u(x, 0) =
f(x) for x € R". Then

W) = |u(y, 0)] < aexp {__lz_} for |y| small.

ly
We claim
0 _
(26) [ 105 dy =0
for any n-tuple a = (a;, a2, ..., a,).

Assuming the claim, the proof of the lemma goes as follows: By (2.6), we
have that for any o and integer k >0,

27 [ 1015 @ iy =o.

But an easy computation shows
(2.8) Ak(|y|—("+1)) =c(k, n)lyl—(n+|)-—2k ,
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where c(k, n) are constants depending only on k and n. Therefore,

(2.9) / SO % dy =0 for k > 0.
er

If we set
h(r) = f(ry)d¢ forr>0,

Sn—l
then we have

/ooo h(r)r2-2%dr = /ooo ( - f(’C)dC) p-(nt)=2ktn=1 g,

= [ s dy =0
Rn
and b
|h(r)| < / |f(r0)|d¢ < aw, exp{—;} for r small ;
Sn—1

h(r) — 0 as r — oo since |f(r{)| < cr'~" for r large. Let g(r) = h(1); then
|g(r)| < @’ exp{-br} for r large, g € C%([0, c0)), and [;° g(r)r¥*dr =0 for
k>0.

Now applying Lemma 2.1, we have g(r) =0 for r € (0, ), i.e.,

(2.10) /S"f(rC)dC=h(r)=0 forr>0.

On the other hand, (2.6) also implies the following statement: For any tuple
a=(ay,a,...,ay), there is an integer ko(|a|) such that, for all k > kg,

(2.11) /R S)YEys - yenly|=D=2% gy = 0.

Equality (2.11) can be proved by the following induction:
1) If loj=a1+a2+---+a, =0 and ky =0, then by (2.9) we have

/ FOIYI+D-2%dy =0 for k > 0.
Rn

(i1) Assume (2.11) is true for |a| < m; we want to prove it is true for
|a| =m+ 1. For |a| = m+ 1, we have the identity

a° (D) P
m(lﬂ (HD=2K) = c(k, n)|y| (D=2 Talyn . poe
(2.12) ! B
+ Z c(B, k,n)y| (n+1)~2k—27(ﬂ)y{91‘..y5n’
[BI<m

where c(k, n), c(B, k, n), and y(B) are constants depending on its variables
as indicated. This identity also can be proved by induction.

Now let y,, = max{y(B8)||8| < m}, and k,, = max{ko(p)|0 < p < m}. Set
k = ym + kp , then by the induction assumption,

/R S| I=2k=2B) By gy — 0

forall k >k and |8| < m. Then (2.7), (2.8), and (2.12) imply (2.11), where

kof(m+1)=k.
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Now by (2.11) and a similar argument to the proof of (2.10), we have: For
any monomial {{'{3?---{p",

et frOCe? - Lendl=0 forr>0.

Therefore, f(r{) =0 forall >0 and { € S""!, thus u=0.

In order to complete the proof of Lemma 2.2, we have to verify our claim
(2.6). In fact, if we pretend that u € C®°(R**!), and if we take derivatives
under the integral and evaluate them at ¢ = 0, we immediately get (2.6). But in

our case, we only assume f € C*°(R"\{0}), and ¥ may not be in C®(R"*!).
Thus we have to verify (2.6) carefully. The idea is to use the growth assumption
on u to analyze the limits D*u(x, t) as |x|>+|¢|*> tends to zero. The detailed
proof goes as follows:

First, we claim that if xy € R", 1, > 0, and |xp| < 1, then

o%u(sxo, Sto)

(1) lim =0 foralla=(a;, a2, ..., an),
s—0+ axe
. . 0" u(sxg, sto) 1yl (n+1)
i) Jim et e [ )b dy.
In fact,
0%u(x,t) _ 0 1
dxe f(y)taxa [(|x V2 + t2)(n+l)/2] dy
1
= (=1)lel
R (e sy 47
Then
8°u(sx0, St()) |0| l: 1 ]
ox« ( ) Sto f( )aya (sto — ylz + SZtZ)(n+l)/2 dy .

Now (i) is clear if we can prove that for some constant c(a, xg, #)

7] 1
(2.13) l/R f(y)W [(ISXo 7 +s2t(2))("+1)/2] dy| < c(a, xo, ty).
Inequality (2.13) follows from
9 1 P (y = sx0)
2.14 _
(2.14) aye [(sto -y*+ Szt%)(”“)/z} ,%t:e (ly — sx0|? + s283)k

sum

and for k> (n+1)/2

1
(Iy = sxol? + s283)k

ysc(anto,k),

(2.15) ISl
Rll

where P, (y—sxp) is a polynomial of y—sx, with coefficients possibly depending
on s, xo,and fy, and degP,(y —sxo) = degree of P, as a polynomial of y,
deg P, (y —sxg) +n+1<2k.
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Equality (2.14) is clear by induction on |a|. For (2.15), we have

1 1
dy =/ d
1
+/ y dy
y|>As g (Iy = sxol? + s2t§)*
=1+, where A=4||x>— 3| +1.

ns () [ vororsalzg) [ oo{ g}
b= 5216 lv|<4s 2t2 ly|<As |y|

< C(a, lo, k9 n, XO)Sn_keXp{—Ais} < C(XO’ lo, k)

But

and

1
IL< / 1) dy
wioas O R+ 50 = 2] rofs + 2

4k
< /mzm O dy < elh).

Therefore, (2.15) is true.
Now we prove (ii): An easy computation shows

9°lu(sxy, sty) laf 0 1
dxot =1 / f(y)ay" [(|sx0 -y? +32t3)(n+1)/2] dy

1
al+1 242

Then (ii) follows by the statements

(2.16) a_i?[ I ]= 5 Bu(y - sx0)

(Isxo — y|* + s245)(n+1)/2 (ly = sx0[2 + s2e§)

finite
sum

1 n+3

2.17 <c(xo, to, k) fork > 152
Q1) [ VO 4y S o, to, ) fork> 1
and

. 9 I

Jr /,.f(y)ﬁ [(sto—y|2+s2t3)(n+l)/2 dy

o

2.18 =/ —(n+1) d ,
(2.18) Rnf(y)ay,,(lyl )dy

where fk(y — 5xg) is a polynomial of y — sxo and degP, + n+ 3 < 2k. The
proofs of (2.16) and (2.17) are exactly the same as the proofs of (2.14) and
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(2.15). Thus we only have to prove (2.18).

a 1 P
— - —(n+1)
I/Rn f(J')aya [(lsxo |2+sztg)(n+|)/2} dy /Rn f») ayo(lyl )dy
1
<
- /|y|2M 7l ’3)"’ [ (Isxo — y/? +s2t3)(n+1)/2] dy

1
+/|y|< 4621 ,aya [(lsxo—y|2+s2t3)("+‘)/2]
—(n+1)
e f o [y~ dy

dy

(n+1)
e[ Vo5 ay

0 1
+ (n+1) )’
/JSIylsM f) (8ya [(sto P+ Szt(z))(nn)/z] Bye A= (I7")

=L+L+L+I+1Is.

For A = 4||xo|> — 3| + 1, choose M > A large such that I3 < ¢/8 and

= 1
I < c(k, xo, t / d

finite
sum
2k>n+1

k
<Yetkoxo, 0 [ Uigprar g

Also take 0 > 0 small such that 74 <e¢f/8,and for 0 <s<d/4

1
/As5|y|<a o)l ay® [(sto -y + s2tg)(n+l)/2]
< Y ek, xo, to) If)l 1

dy
finite As<|y|<é (ly = sxo|? + s2t2)k

dy

sum
2k>n+1
4k €
<Y ek, xo, to) Wl dr <3

As<|y|<d

Now fix 6 and M, and choose s; such that s; < ¢/4 and I~5 < ¢/8 for
0<s<s;. Take 55 < 8y sothat

1
/IyI<As o oy [(lsxo -y + szt%)("H)/Z]
< Y ekixot0) [ 1S 1 dy

ﬁmte ly|<4s (ly — sxol|? + s2£2)k

2k2n+1

1\¢ b
<a z ek, xo, to) (W) CXP{_A_S} (4s)"wn
0

dy

for0<s<s;.
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Then I, < ¢/8 for 0 < s < s;. This completes the proof of (2.18).
Next we notice that by (i), (ii), and

%u _ 0%u bt 0%u
o ox? ax2’
for any a = (ay, a3, ..., a,), integer k, and fixed (xo, ty), o >0,

d*tku(sxy, sto)

s—0+ dxadtk = Uk
exists.
Now for fixed (xp, to), 2o > 0, |xo|] < 1, we have (denote x,,; =t and
= tp)
n+l
ou(sxg, St
u(Xo, to) = u(sxo, sto) + (1) —%gc—,—glx?
i=1 !
o%u(sxg, sto)
~(1—gs)? g 20, °f0)
+- (1 sP Y Ca xe
leel=p
1 Z c, 0 u(zxo,zto) xe | (1-zpaz,
s lel=p+1

where 0 <s <1 and the C, are sultable constants. Letting s — 0, we get

u(xo, to) = oo + Z Uak XG 15 2 Z CokUak X§ 16
lal+k=1 lal+k=2

1
+---+ = Z Cakuakxgt'g

" lal+k=p

1 ! d*tku(zxg, ztg)

+ o (; Cok—p g X016 | (1-2Vdz.
la|+k=p+1

Since all u,; are independent of x; and ¢, we have

1
u(ﬁXOa ﬂtO) = Ugo + ﬁ Z uakxgtg + Fﬂz Z Cakuakxgtg

|a|+kl T lal+k=2
+o p,ﬂ" 3 Cottarx§tk
lal-+k=p
1 d*tku(Bzxy, Bzt
+Eﬁp+l/0( Z Cak (ﬂxaaotkﬂ O)XOIS)(I—Z)de.
’ lal+k=p+1

Notice that, for fixed (xo, ),

9+ku(Bzxy, Bzto)
Oxedtk

isbounded for0< <1, O0<z<1,

b 1
u(Bxo, Bto)| < o ——— .
lu(Bxo, Bto)| < aexp { 8 P }
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Then we have

Y Coxttax§t§ =0 forj=1,2,...,
le|+k=j

but (xo, t) can be chosen arbitrary as long as |xp| < 1, and #, > 0. Hence,
Uy =0 foralla, k.

In particular,

0= gy = (~1)M / 05z (70 dy,

which is (2.6). Q.E.D.

Lemma 2.3. Let B((0) be a unit ball in R**', n > 2, centered at 0, and let
x0=(0,0,...,=1). If u(xy, ..., Xny1) satisfies

(1) Au=3Y08%u/0x?=0 in B, and

(2) lu(x)| < aexp{-b/|x — xo|}
for some a,b>0, x € B, and |x — xo| small, then u=0 in B.

Proof. Set
_ l—-n X .
’U(X)—lx‘ u(IXP) )

it is well known that Av(x) =0 in R"*'\B(0). Set

-1
- =1 2\(1-n)/2 ( y .

It is not difficult to verify:
(a)

_ St n
'U(x,—t—l)—c,./Rn (lx—y|2+tz)("+‘)/2dy fort >0, x e R".

(b) For some constants a;, by >0, if >0 and |y|?> + t* small, then

b
'U(x, -t - l)l <a Cxp{—\/—ﬁ} .

(c) f(y) € C=(R™\{0})N CO(R").

(d) [fOI L Cly|'~" for [y|> 1.

Now an application of Lemma 2.2 concludes that v(x, —t—1) =0 for t > 0
and x € R". Therefore, u = 0 on some open set in B, and hence u = 0 in
B by the fact that « is analyticin B. Q.E.D.

Proof of Theorem 1. Since Q is regular at xg, there is a ball B C Q such that
OB NAQ = xo. (This ball is a disc in the case n = 2.) Then Au =0 in B,
and, for some a, b >0,

|u(x)| < aexp {_Ix——bxo_l} for x € B and |x — x| small.

It is clear that we may assume B = B;(0)—a ball centered at the origin with
radius 1—and also that xo = (0,..., —1). Hence, for n > 3, Lemma 2.3
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implies ¥ =0 in B, therefore ¥ =0 in Q. For n =2, we define a harmonic
function u* on B x R as
u*(xy, x2, x3) = u(x;, x) for (x;, x,) € Band x3 € R.

Then it is easy to see that Au* =0 in B x R and, for some a, b >0,
|u*(x)| < aexp {_—b*} for x € B x R and |x — x;| small,
|x — x|
where x§ = (xo, 0). Now an application of the result in n = 3 yields u* =0
in BxR,ie, u=0in B and u=0 in Q. Q.E.D.

Now we give an example to show that the decay rate in our result is the best
possible.

Example. For n > 2 and 0 < a < 1, there is a harmonic function u defined
on R} = {(x1, ..., xx)|xn > 0} such that Au =0 on R and

lu(x)| < aexp{—%} for some a, b >0, x € R}, and |x| small.

Furthermore, u is not identically zero on R’ .
Proof. Set
u*(x,y):Reexp{—Z—la}, z=x+1y,
where z¢ is an analytic function on the right complex half-plane.
For n > 2, set
U(Xy, ..., xn) =u*(xp, x1) for (x;,...,x,) €R}.
It is easy to verify that the u(x;, ..., x,) is what we want. Q.E.D.

Remark. 1t is not difficult to see that for any quite smooth domain and any
point on the boundary of the domain, we can construct a nonzero harmonic
function on the domain which is approaching zero at that point in the rates as
indicated in the example.

3. THE GENERAL CASE FOR DIMENSION TWO

After we considered the standard Laplace operator, a natural question arose:
Can we prove a similar result for the solutions of general elliptic equations? At
the present stage, we could only give a satisfactory answer when the dimension
of the domain is two. Namely, we can prove Theorem 2, restated here for
convenience.

Theorem 2. Let Q be a domain in R?*, and let (xq, yo) € Q with Q regular
at (xo, yo). If u(x, y) is a solution of an elliptic equation

(3.1 ayUxx + 2a12Uxy + anityy + biux + bauy, + cu=0 in Q,

where the coefficients are in C'(Q), and there exist constants a, b > 0, such

that
b
Iu(x,y)lsaexp{— }

V(x = x0)2 + (y = »)?
for (x,y)eQ, (x,y) near (X, yo), then u=0 in Q.
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The proof of the theorem will be divided into several lemmas. Because our
assumptions allow us to extend the coefficients of the equation into a neigh-
borhood of xj, the proofs of Lemmas 3.1-3.3 are similar to the proofs of the
corresponding conclusions for the case of the unique continuation property at
an interior point in a domain of dimension two (one may see [3]). Thus we
omit the proofs of the lemmas here.

Lemma 3.1. If a;j, b;, and c, 1 <i <2, 1< j <2, are continuous on a
closed domain B, and xq is a point on 8B, then there is a neighborhood V of
Xo and a positive function u* such that

(3.2) AUy, + 2apuy, + apuy, + biuy +buy +cu* =0 inBNV.

Lemma 3.2. If u is a solution of (3.1) in B which is a closed domain, and a
positive function u* satisfies (3.2) in VNB, then the function v = u/u* satisfies
the following equation:

A11Vxx + 2a12Vxy + a2y,

1
+ (b1 + E(Za“u; + 2a,2u;)> Uy
+ (bz + ul—*(Zalzu; + 2a22u;)) v=0 inBNV.

Lemma 3.3. If u is a solution of (3.1) in B which is a closed domain, (0, 0) €
OB, and all coefficients a;j, 1 < i,j <2, arein C'(BNV), where Vg is
a neighborhood of (0, 0), then there is a diffeomorphism & = &(x,y), n =
n(x, y) which is defined in a neighborhood V, of (0, 0) such that v(&, n) =

u(x(&, n), y(&, n) satisfies
(3.3) Veg + Uy + brvg + byvy + v =0 inV;,
where V, is the image of V; under the diffeomorphism (x,y) — (€, n). Fur-
thermore, if ¢ =0 in (3.1), then ¢ =0 in (3.3).
Lemma 3.4. If B is a domain with smooth boundary 8B, (0,0) € 0B, and u
is a function satisfying

Au+ byux + bou, =0 inB,
b

————=} forsomea,b>0, (x,y)€B,
(x2+y?)

lu(x, y)| saexp{—

then there is a ball B* C B and constants a’', b’ > 0 such that BN B* = (0, 0)
and

bl
! / . *
lux(x, y)i < a exp{———(-m} in B*,

b’ o
luy(X,J’)lSalexP{_w} in B*.

Proof. We may assume that B is a closed ball. It is easy to see that there
is a diffeomorphism ®: B — D, where D is a closed domain in R?, and
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D > B,((0,0), 4); here B,((0,0), 4) is a closed half-ball in the upper half-
space. Under the coordinate (¢, n) = ®(x, y), our equation looks like

ay (&, nuge +2a12(E, gy + an(&, nugy
+bi(&, Mug +b2(E, Muy =0,

and this equation is uniformly elliptic on B,((0, 0), 4), i.e., there are 4 and
A such that

(aij) >AI on B.((0,0), 4),
aijlo,a <A, 1blo.« < A.

By the interior estimates for solutions of an elliptic equation (see [7]), there is
aconstant C = C(4, A, o) such that, for 0<¢<1 and || <1,

csup{iDu. mite. mes (6.0, 5)]
< Csup{lue. il €. meB (6.0.5)}.

In particular,
4
iDuts, 0 < 2F sup {juce. miie. e 8 (65,0, 5)}

Now if (& —5)2+ (n—1)2 < t2/4, it is easy to check that
1 1

JEim S D)

Therefore,
t b 1
sup {juie. )11 €. ) e B (5.1, 5 )} <aemn{-TeL 1.
hence
|Du(s, t)' < %exp{—%—?\/#——t—z)} .

Butif s24+(t—1)2<1, 0<t< 1, then we have ¢ > s and 2 > 12 + 5%, thus

|Du(s, t)| < ﬁexp —i;
t V3./(s2+12)
8aC 1

b
s (s2 + £2) exp {_\/_g [(s2+12) ,2)}
b 1
< C"{mﬁ}

for some Cy = Cy(4, A, a, a, b). Finally, using the diffecomorphism, we easily
see that the conclusion of the lemma is true. Q.E.D.

Proof of Theorem 2. We only have to prove that ¥ = 0 in some open set in Q.
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First, we may assume (Xxg, o) = (0, —1) and Q = B is a ball. If necessary,
we may replace B by some smaller balls which attach to B from the inside at
(0, —1), and by Lemmas 3.1-3.4 we may assume

AZ+b|Zx+b22y=0 in B,

b .
|Z(X,Y)|Saexl>{—m} in B,

b .
|Dz(xay)|Sanp{——ml—)2} in B,

where a and b are constants and z is a function related to u in this way such
that z=0 in B is equivalentto ¥ =0 in B.
Set w =z, and v = z,; then

(3.4) Wyx = Vy — bhyw + bhv, —Wy = Vx.
Also, set
. : 1 (0g .0q

g=W+IV=2zx — 12y, z=§(-é;+l$>,
— . b b b, b
g=w-iv, a=-F-ig, B=-F+i .

It is easy to verify that (3.4) is equivalent to the equation

(3.5) 4z = g + B7.

Now by a representation result due to Bers-Nirenberg (see [3]), we have
gA) =P f(A) for A =¢ + in € By(0) in the complex plane,

where s(4) is continuous on B;(0) and realon || =1, and f(4) is an analytic
function on B,(0).

Since s(4) is continuous on B;(0), there is a constant ¢; > 0 such that
le=SW| < ¢; for A€ B;(0). Hence

If()] < cilgl < e1y/ 23 + 23
By the conditions satisfied by z, we see that
b
< —Ta . .1 .
FR) < Czexp{ e il}

Then our result for the standard Laplace case implies that f(A) is identically
zero on B(0), i.e., zy = z, = 0 on B;(0). But z(0, —1) = 0, therefore z
vanishes on B;(0). As we remarked, u is identically zero on B and Q, which
completes the proof of our result. Q.E.D.
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